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Two numerical characteristics for estimation of translation invariance of a
multiresolution analysis (MRA) of L2(R) are proposed. These two characteristics
are defined either through the scaling function or through the scaling symbol
of the MRA. Some simple conditions under which both translation invariance
characteristics have similar numerical values were found. Translation invariance
of Daubechies’ compactly supported scaling function, defined by 2N-length low-
pass filter, is of order O(N−1/2). We have designed some compactly supported
scaling functions having a translation invarianceO(N−1) and proved that this order
of decay is optimal. For any MRA of L2(R) a Heisenberg translation uncertainty
principle is proved. Ó 2000 Academic Press
1. INTRODUCTION
Let P be the projection operator onto the central subspace V0 of a multiresolution
analysis (MRA) {Vj } of L2(R) [7]. We will assume that the MRA is defined by an
orthonormal scaling function φ = φ(t). From the MRA definition it follows that the central
subspace V0 is invariant with respect to all integer translations. If the scaling function has
minimal regularity, that is, φ is integrable over R, then the central subspace V0 of any such
MRA is not invariant for almost all real translations: T2x(t) := x(t −2). This constitutes
one of the principal shortcomings of wavelet analysis [10]. It was shown by Madych [6]
that MRA defined by the Shannon scaling function is essentially the only one (with
others exhibiting undesirable pathology) being translation invariant. However, the Shannon
scaling function, φ(t) = sinc(pit), is nonintegrable over R. It was shown by Walter [11]
that Meyer-type scaling functions define MRA that satisfy weakened translation invariance
property: T2 V0 ⊂ V1.
In this work we propose the following two translation invariance characteristics of MRA,
tφ =
∫
|2|<0.5
∫
|T2Pφ(t)−PT2φ(t)|2 dt d2
(
=
∫ ∞
−∞
|φˆ(f )|2(1− |φˆ(f )|2) df
)
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and
tm = 2
∫ 1/2
−1/2
|m(f )|2(1− |m(f )|2) df,
where φˆ is the Fourier transform of φ and m = m(f ) is the scale symbol of the
MRA. If PT2 V0 = V0, then T2Pφ = PT2φ. This means that tφ , the characteristic
of translation invariant MRA, equals 0. The translation invariance characteristics satisfy
trivially inequalities
0≤ tm ≤ tφ ≤ 1.
When tφ and tm are closer to zero, the translation invariance of the corresponding MRA is
said to be better.
It turns out that both characteristics have similar numerical values if |m(f )| is
sufficiently close to 1 in the interval [− 16 , 16 ]. For the Meyer scaling functions [8] with
compactly supported Fourier transform we have |m(f )| ≡ 1 on [− 16 , 16 ]. For that class of
scaling functions
tm = tφ,
and both indices of degree of translation invariance can be made arbitrary close to 0.
We have found that when random signals x ∈ V0 have pairwise independent coefficients
xn =
∫
x(t)φ(t − n)dt , the value of the tφ coincides with the mean value of the
x-translation invariance characteristic
tx =
∫
|2|<1/2
∫∞
−∞ |T2P x(t)−PT2 x(t)|2 dt d2
‖Px‖2 .
If Nφ is Daubechies’ compactly supported scaling function with the low-pass filter-length
2N , then tNφ ∼ 2/pi3/2
√
2N as N →∞. So the scaling function of Daubechies have a
translation invariance characteristic
tφ =O(N−1/2).
It turns out that tφ , by choosing some special compactly supported scaling function with
the same filter-length 2N , can be improved to
tφ =O(N−1)
and that this order of decay of the translation invariance characteristic is optimal. However,
we cannot be optimistic about the translation invariance characteristic of all signals x
belonging to V0. One can prove that for any compactly supported orthonormal scaling
function φ = φ(t) a signal x = x(t) ∈ V0 can be chosen such that
tx >
1
2
.
This property can be termed the Heisenberg translation uncertainty principle of MRA.
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2. NOTATIONS AND SOME PRELIMINARY RESULTS
Let us consider the MRA {Vj }j∈Z ofL2(R) (hereafter we mainly use notations as in [4]).
We will assume that the MRA is associated with an orthonormal real-valued integrable
scaling function φ and a scaling filter m. The equality
φˆ(f )=
∞∏
j=1
m(2−j f ) (1)
relates φ and m. In this work the following form of the Fourier transform is used:
φˆ(f )=
∫ ∞
−∞
e−2piif tφ(t) dt. (2)
Since φ is orthonormal, we have [4]
|m(f )|2 +
∣∣∣∣m(f + 12
)∣∣∣∣2 = 1, (3)
or ∑
n∈Z
|φˆ(f + n)|2 = 1 a.e. on R. (4)
Any function or signal x = x(t) belonging to the central subspace V0 ⊂ L2(R) is the
limit of a linear combination of Tnφ(t) = φ(t − n). This means that “feature x ∈ V0” is
invariant under integer translation Tn. In other words,
PTnx(t)= TnPx(t), n ∈ Z, x ∈L2. (5)
Equality (5) means that projector P commutes with all integer translation operators Tn.
Although from the point of view of signal analysis any real translation T2x(t)= x(t −2)
signifies the same signal x = x(t), the feature x ∈ V0 may be noninvariant under real
translation T2. The energy of noncommutation
[PT2]x(t) := PT2x(t)− T2Px(t), x ∈ L2,
is an indicator of the 2-translation noninvariance of the signal x . The normalized energy
tx(2) :=
∫∞
−∞ |[PT2]x(t)|2 dt
‖Px‖2 (6)
will be termed the degree of translation invariance of the signal x at point 2. The identity
[PT2]x(t)= [PT2+1]x(t + 1)
gives us that function tx = tx(2) is 1-periodic. The mean value of tx(2) over the main
period, that is,
tx :=
∫
|2|<0.5
tx(2)d2, (7)
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will be called the average translation defect of a signal x ∈ L2(R), or x-translation defect
for short. Particularly when x = φ, we have
tφ :=
∫
|2|<0.5
∫ ∞
−∞
|φ(t)− T−2PT2 φ(t)|2 dt d2. (8)
The following rather simple theorem illustrates the role that the average translation defect
of the scaling function plays for some class of random signals x = x(t).
THEOREM 1. Let integer translations of φ = φ(t) be orthonormal in L2(R), let {xn}
be zero-mean-valued pairwise independent random coefficients such that ∑n,m∈Z |xnxm|
<∞ with probability 1. Then the mean value of the average translation defect of the
random function x(t)=∑n xnφ(t − n) coincides with tφ ; that is,
E{xn}tx = tφ. (9)
Proof. Using (5), the identity Pφ = φ, and assumptions of the theorem, we have
Etx :=E
∫
|2|<0.5
∫ |∑n xn(T2PTnφ(t)− PT2+nφ(t))|2 dt d2
‖x‖2
= E
∑
n |xn|2
∫
|2|<0.5
∫ |T2φ(t − n)− PT2φ(t − n)|2 dt d2
(
∑
n |xn|2)‖φ‖2
=
∫
|2|<0.5
∫ |T2Pφ(t)− PT2φ(t)|2 dt d2
‖φ‖2 = tφ.
In the orthonormal case, when
〈Tnφ,Tmφ〉 :=
∫ ∞
−∞
φ(t − n)φ(t −m)dt = δn,m,
one can prove (see [2, p. 240]) the following formula for the average translation defect of
the scaling function:
tφ =
∫ ∞
−∞
|φˆ(f )|2(1− |φˆ(f )|2) df. (10)
From Eq. (10) it follows that any MRA with an integrable orthonormal scaling function
cannot be translation invariant. Minimization of tφ for a fixed filter-length 2N 1 leads to a
compactly supported scaling function with an optimal translation invariance characteristic.
To estimate translation invariance of the scaling functions we will need some technical
lemmas. Let {t} be the fractional part of t , [t] the integer part of t , and /t/ the saw-tooth
function:
/t/= {t} − [2{t}]. (11)
LEMMA 1. For any five times continuously differentiable on [0,K] function u= u(t)
there exists 2 ∈ (0,1) such that
1 In this case we shall assume that the scale-symbol m=m(f ) is a trigonometric polynomial of order 2N − 1.
132 A. BASTYS
K−1∑
k=0
(
u
(
k + 3
4
)
− u
(
k + 1
4
))
= 1
2
(
u(K)− u(0))− 1
26
(
u′′(K)− u′′(0))+ K−1∑
k=0
5
2123
u(5)(k +2). (12)
Proof. Coupling Tailor’s formula
K−1∑
k=0
(
u
(
k + 3
4
)
− u
(
k + 1
4
))
=
K−1∑
k=0
(
1
2
u′
(
k + 1
2
)
+ 1
263
u′′′
(
k + 1
2
)
+
∫ 1
0
/t/4
283
u(5)
(
k + 1
4
+ t
2
)
dt
)
(13)
with the following two Euler–MacLaurin formulas,
N−1∑
n=0
v
(
n+ 1
2
)
=
∫ N
0
v(t) dt −
N−1∑
n=0
∫ 1
0
/t/2
2
v′′(n+ t) dt; (14)
N−1∑
n=0
v
(
n+ 1
2
)
=
∫ N
0
v(t) dt − 1
24
(
v′(N)− v′(0))
+
N−1∑
n=0
∫ 1
0
/t/2(1− 2/t/2)
243
v(4)(n+ t) dt, (15)
we have
K−1∑
k=0
(
u
(
k + 3
4
)
− u
(
k + 1
4
))
= 1
2
(
u(K)− u(0))− 1
26
(
u′′(K)− u′′(0))
+
K−1∑
k=0
(∫ 1
0
/t/4
283
u(5)
(
k + 1
4
+ t
2
)
dt +
∫ 1
0
/t/2(3− 8/t/2)
273
u(5)(k + t) dt
)
. (16)
By applying the mean-value theorem to the right-hand side of (16) and observing that∫ 1
0
/t/4
283
dt +
∫ 1
0
/t/2(3− 8/t/2)
273
dt = 5
2123
,
we have (12).
The second lemma gives some representation of the average translation defect charac-
teristic through the Fourier transform of the scaling function of the MRA.
LEMMA 2. Let the scaling function φ = φ(t) have orthonormal integer translations,
let x(t)=∑n xnφ(t − n) ∈ L2(R) and
{̂x}(f ) :=
∑
n
xne
−2piinf . (17)
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Then
tx =
∫∞
−∞ |{̂x}(f )|2|φˆ(f )|2(1− |φˆ(f )|2) df∫∞
−∞ |{̂x}(f )|2|φˆ(f )|2 df
. (18)
Proof. Using Parseval’s identity and equalities
T̂2Px(f )=
(∑
n
xˆ(f + n)φˆ(f + n)
)
e−2pii2f φˆ(f ),
P̂ T2x(f )=
(∑
n
xˆ(f + n)φˆ(f + n)e−2pii2n
)
e−2pii2f φˆ(f ),
and ∫
|2|<1/2
e−2pii2ne2pii2m d2= δn−m,
we have
tx =
∫
|2|<1/2
∫∞
−∞ |T̂2Px(f )− P̂ T2x(f )|2 df d2∫∞
−∞ |T̂2Px(f )|2 df
=
∫∞
−∞(|pxˆφˆ (f )|2 − 2 Re(pxˆφˆ (f )xˆ(f )φˆ(f ))+ p|xˆφˆ|2(f ))|φˆ(f )|2 df∫∞
−∞ |pxˆφˆ (f )|2|φˆ(f )|2 df
. (19)
Here we have used
pu(f )=
∑
n
u(f + n).
The combination of (19) with
xˆ(f )= {̂x}(f )φˆ(f )
and (4) gives (18).
3. TRANSLATION INVARIANCE OF SCALING FUNCTIONS
Let φ = φ(t) be an orthonormal scaling function defined as in (1). The one-periodic
function
p|φˆ|2(f ) :=
∑
n∈Z
|φˆ(f + n)|2
is an indicator of orthonormality of the scaling function. More exactly, if the system
{φ(· − n)}n∈Z is orthonormal in L2(R), then
p|φˆ|2(f )= 1 a.e. on R.
The similar function
p|φˆ|4(f ) :=
∑
n∈Z
|φˆ(f + n)|4 (20)
can be used to get an expression for the average translation defect:
tφ = 1−
∫ ∞
−∞
|φˆ(f )|4 df = 1−
∫ 1/2
−1/2
p|φˆ|4(f ) df. (21)
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The following two quantities will be useful for the approximation of tφ :
tm = 2
∫ 1/2
−1/2
|m(f )|2(1− |m(f )|2) df (22)
and
δm = sup
|f |≤1/6
arccos(|m(f )|2)
f
. (23)
THEOREM 2. Let φ = φ(t) be the orthonormal scaling function defined by (1). Then
tm ≤ tφ ≤ tm + δ
2
m
50
. (24)
Proof. Since tφ ≤ 1, we can assume that
δ2m ≤ 50.
It is easy to verify that
p|φˆ|4(f ) :=
∑
n∈Z
|φˆ(f + n)|4
satisfies the scaling relation
p|φˆ|4(2f )= |m(f )|4p|φˆ|4(f )+
∣∣∣∣m(f + 12
)∣∣∣∣4p|φˆ|4(f + 12
)
. (25)
Since φ = φ(t) is an orthonormal scaling function,
p|φˆ|4(f )=
∑
n∈Z
|φˆ(f + n)|4 ≤
∑
n∈Z
|φˆ(f + n)|2 = 1 a.e. on R. (26)
Therefore, ∫ ∞
−∞
|φˆ(f )|4 df =
∫ 1/2
−1/2
p|φˆ|4(f ) df = 2
∫ 1/2
−1/2
|m(f )|4p|φˆ|4(f ) df
≤ 2
∫ 1/2
−1/2
|m(f )|4 df. (27)
Using (27) and the identity 1= 2 ∫ 1/2−1/2 |m(f )|2 df , we have
tφ = 1−
∫ ∞
−∞
|φˆ(f )|4 df ≥ 2
∫ 1/2
−1/2
|m(f )|2(1− |m(f )|2) df = tm.
On the other hand, combining inequality
tφ = 1− 2
∫ 1/2
−1/2
|m(f )|4p|φˆ|4(f ) df = tm + 2
∫ 1/2
−1/2
|m(f )|4(1− p|φˆ|4(f )) df
≤ tm + 4
∫ 1/2
1/3
|m(f )|4 df + 2
∫ 1/3
−1/3
(1− p|φˆ|4(f )) df
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with estimations∫ 1/2
1/3
|m(f )|4 df =
∫ 1/2
1/3
(
1−
∣∣∣∣m(f − 12
)∣∣∣∣2)2 df
6
∫ 1/6
0
4 sin4
(
δm
2
f
)
df ≤ δ
4
m
20 · 65 ≤
5δ2m
2 · 65
and
p|φˆ|4(f )≥ |φˆ(f )|4 ≥
( ∞∏
j=1
cos
(
δmf
2j
))2
=
(
sin(δmf )
δmf
)2
≥ 1− (δmf )
2
3
,
and using equality ∫ 1/3
−1/3
(1− p|φˆ|4(f )) df ≤
∫ 1/3
−1/3
(δmf )
2
3
df = 2δ
2
m
35
,
we have the right-hand side of (24).
The scale-symbol of the Meyer scaling functions [8] with compactly supported Fourier
transform satisfies the identity |m(f )| ≡ 1 on [− 13 , 13 ]. This allows us to apply Theorem 2,
and to state that the Meyer scaling functions have
tm = tφ.
The following theorem shows the best translation invariance that may be expected in the
case of compactly supported orthogonal scaling functions.
THEOREM 3. If the filter-length of the orthonormal φ equals 2N , then
tφ >
1
8N
. (28)
Proof. Let φ satisfy the assumptions of the theorem. Then the conditions of Theorem 2
are satisfied, thus
tφ ≥ tm. (29)
Since the filter-length of φ equals 2N , the function |m(f )|2(1 − |m(f )|2) is a positive
trigonometric polynomial of degree 4N − 2 containing only cosines. Due to the Riesz
lemma [9],
|m(f )|2(1− |m(f )|2)=
∣∣∣∣4N−2∑
n=0
bne
2piinf
∣∣∣∣2. (30)
Combining this equality with the orthonormality of {e2piinf }n in L2(− 12 , 12 ), we have
tm = 2
∫ 1/2
−1/2
|m(f )|2(1− |m(f )|2) df = 2
4N−2∑
n=0
|bn|2. (31)
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From the orthonormality of φ |m(1/4)|2 = 1/2 follows. Using this equality in (30) we have
1
4
=
∣∣∣∣∣
4N−2∑
n=0
bne
piin/2
∣∣∣∣∣
2
≤
(4N−2∑
n=0
|bn|2
)
(4N − 1),
or ∑
n
|bn|2 ≥ 14(4N − 1) . (32)
A combination of (29), (31), and (32) leads to (28).
Using Theorem 2 one can estimate translation invariance of Daubechies’ scaling
functions.
THEOREM 4. If φ = Nφ is Daubechies’ compactly supported scaling function with
the squared scale-symbol
|Nm(f )|2 =
∫ 1/2
f sin
2N−1 2pis ds∫ 1/2
0 sin
2N−1 2pis ds
, (33)
then
t
Nφ =
2
pi3/2
√
2N
+O(N−3/2), as N→∞. (34)
Proof. Using estimations∫ 1/2
0
sin2N−1 2pis ds = 0(N)
0(N + 1/2)2√pi =
1
2
√
piN
(1+O(N−1)) (35)
and
|1− |Nm(f )|2| =
∣∣∣∣
∫ f
0 sin
2N−1 2pis ds∫ 1/2
0 sin
2N−1 2pis ds
∣∣∣∣=O(f 2√N(34
)N)
, |f | ≤ 1
6
,
we have
δ
Nm = sup|f |≤1/6
arccos(|Nm(f )|2)
f
=O
(
N1/4
(√
3
2
)N)
. (36)
The application in Theorem 2 of estimation (36) leads to
t Nφ = tNm +O
(√
N
(
3
4
)N)
.
So, (34) is equivalent to
t
Nm =
2
pi3/2
√
2N
+O(N−3/2). (37)
Simple manipulations with (33) give us
t
Nm = 4
∫ 1/4
0 cos
2N−1(2pif )f
∫ f
0 cos
2N−1(2pis) ds df
(
∫ 1/4
0 cos
2N−1(2pis) ds)2
. (38)
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Since, for t ∈ (0,1),
(1− t)1/t < e−1,
and, for t ∈ (0, 14 ),
t <
sin 2pit
4
,
we have∣∣∣∣∫ 1/4
0
cos2N−1(2pif )f 3
∫ f
0
cos2N−1(2pis) ds df
∣∣∣∣
= 1
(2pi)2
∫ 1/4
0
(1− sin2 2pif )N−1 f 3
∫ f
0
(1− sin2 2pis)N−1 d sin 2pis d sin 2pif
<
(N − 1)−5/2
44pi2
∫ ∞
0
e−t2 t3
∫ t
0
e−τ 2 dτ dt. (39)
Using the expansion 2pif = sin 2pif +O(f 3) in (38), as f → 0, (35), and (39), one can
write
tNm =
8N
pi2
∫ 1
0
(1− t2)N−1 t
∫ t
0
(1− τ 2)N−1 dτ dt +O(N−3/2)
= 4
pi2
∫ 1
0
(1− t2)2N−1 dt +O(N−3/2)= 2
pi3/2
√
2N
+O(N−3/2),
which proves the theorem.
Let the filter-length be equal to 2N and K = [(N + 1)/2]. The following lemma will be
useful in the design of the scaling function φ having the optimal order of tφ decay.
LEMMA 3. Let, for n= 0,1, . . . ,2K − 1,
an = (1− (2n+ 1)/(4K))2K
∑
|k|<K
cos
2pi(2n+ 1)k
4K
+ β (−1)
n
2K2
= (−1)
n(1− (2n+ 1)/(4K))
2K
cot
pi(2n+ 1)
4K
+ β (−1)
n
2K2
(40)
and β be defined as a solution of one of the two equations:
a2K−1 = 0 (41)
or
2K−1∑
n=0
(2n+ 1)2an = 0. (42)
Then
m2(t) := 12 +
2K−1∑
n=0
an cos 2pi(2n+ 1)t (43)
is a nonnegative trigonometric polynomial of order 4K−3, when β is defined by (41), and
of order 4K − 1, when β is defined by (42).
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Proof. Using the well-known identity
1
2
+
N−1∑
n=1
(
1− n
N
)
cosnx = 1
2N
(
sin(Nx/2)
sin(x/2)
)2
,
it is easy to verify that
1
2
+
2K−1∑
n=0
an cos 2pi(2n+ 1)t
= (sin 4Kpit)
2
(4K)2
(∑
|k|<K
1
sin2 pi(t − k/(4K)) +
0.5
sin2 pi(t − 1/4) +
0.5
sin2 pi(t + 1/4)
)
+β (sin 4Kpit)
2
2K2 cos 2pit
= 1
2
+ a(t)+ βb(t). (44)
The trigonometric polynomial 12+a(t), as the sum of nonnegative functions, is nonnegative
for all real t . We will try to find the maximal β = βmax that by (40) and (43) defines the
nonnegative trigonometric polynomialm2 =m2(t). For such β = βmax we have
min
t
(
1
2
+ a(t)+ βmaxb(t)
)
= 0.
Since 12 + a(t) and b(t) are nonnegative on [− 14 , 14 ], the function 12 + a(t) + βb(t) is
nonnegative on [− 14 , 14 ] with all positive β . Therefore
min
t∈[1/4,3/4]
(
1
2
+ a(t)+ βmaxb(t)
)
= 0. (45)
Using identities a(t + 1/2)=−a(t) and b(t + 1/2)=−b(t), (45) can be rewritten as
min
t∈[−1/4,1/4]
(
1
2
− a(t)− βmaxb(t)
)
= 0
or
βmax = min
t∈[−1/4,1/4]
1/2− a(t)
b(t)
. (46)
Since
1/2− a(t)
b(t)
= cos 2pit
16
(
2
∑
|k|<K
sec2
(
pi
(
t − k
4K
))
+ sec2
(
pi
(
t − 1
4
))
+ sec2
(
pi
(
t + 1
4
)))
(47)
and
cos 2pit
(
sec2(pi(t − x))+ sec2(pi(t + x)))
= 4 cos 2pit(1+ cos 2pit cos 2pix)
(cos 2pit + cos 2pix)2
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= 4(cos 2pit + cos 2pix + (cos
2 2pit − 1) cos2pix)
(cos 2pit + cos 2pix)2
≤ 4
cos 2pit + cos 2pix
≤ 4
1+ cos 2pix , t, x ∈
[
−1
4
,
1
4
]
,
we have
βmax = min
t∈[−1/4,1/4]
1/2− a(t)
b(t)
= lim
t→0
1/2− a(t)
b(t)
=−a
′′(0)
b′′(0) . (48)
Note that (48) is equivalent to condition (42). Therefore (42) defines the nonnegative
trigonometric polynomialm2 =m2(t). Direct calculations give
a′′(0)=−(2pi)28K
2K−1∑
k=0
(−1)k
(
1− 2k+ 1
4K
)(
2k+ 1
4K
)2
cotpi
2k+ 1
4K
, (49)
b′′(0)=− (2pi)
2
2K2
2K−1∑
k=0
(−1)k(2k+ 1)2 = 16pi2. (50)
Application of Lemma 1 with u(t)= (1− t/K)(t/K)2 cot(pit/K) to (49) gives
a′′(0)= (2pi)28K
(
1
2
(u(1)− u(0)
)
− 1
26K2
(u′′(1)− u′′(0)+O(K−4))
=−16Kpi − 1
3
pi3
K
+O(K−3). (51)
Joining (50) and (51), we have
βmax =−a
′′(0)
b′′(0)
= K
pi
+ pi
48K
+O(K−3). (52)
If β is defined by (41), then
β = 1
4
cot
(
pi
4K
)
= K
pi
− pi
48K
+O(K−3). (53)
Comparing (52) and (53), we see that in the case of (41), β is smaller than βmax at least for
big K . By more accurate analysis, which we are skipping, it can be shown that β < βmax
with all K . Therefore condition (41) leads to a nonnegative trigonometric polynomial
m2 =m2(t) also.
Now we are in a position to prove that the order of decay O(N−1) of translation
invariance can be reached.
THEOREM 5. There exists an orthonormal compactly supported scaling function φ
with the filter-length 2N such that
tm = 3+ pi
2
3pi2N
+O
(
lnN
N3
)
. (54)
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Proof. Let K = [(N + 1)/2] and define the nonnegative trigonometric polynomial
m2 = m2(t) as in Lemma 3. Due to the Riesz lemma [9], there exists filter coefficients
h0, h1, . . . , h2N−1 such that
m2(f )= |m(f )|2,
where
m(f )= 1√
2
2N−1∑
n=0
hne
2piinf . (55)
Let scaling function φ = φ(t) be defined by
φˆ(f )=
∞∏
j=1
m(2−j f ). (56)
Since, for all f ,
m2(f )+m2
(
f + 1
2
)
= |m(f )|2 +
∣∣∣∣m(f + 12
)∣∣∣∣2 = 1,
Eq. (56) defines an orthonormal scaling function. From (55) and (56) it follows that φ is
compactly supported with the filter-length 2N . Simple integration gives
tm = 2
∫ 1/2
−1/2
|m(f )|2(1− |m(f )|2) df = 1
2
−
2K−1∑
n=0
a2n. (57)
Let αn = (2n+ 1)/(4K). Then
2K−1∑
n=0
a2n =
2K−1∑
n=0
(
1− αn
2K
cotpiαn + β2K2
)2
=
K−1∑
n=0
(
(1− αn)2 + α2n
(2K)2
cot2 piαn + β 1− 2αn2K3 cotpiαn
)
+ β
2
2K3
. (58)
Let (
(1− t)2 + t2) cot2 pit = 1
pi2t2
− 2
pi2t
+ a(t) (59)
and
(1− 2t) cotpit = 1
pit
+ b(t). (60)
Then a = a(t) and b = b(t) are two times continuously differentiable on [0,1/2]. Direct
integration gives ∫ 1/2
0
a(t) dt =−1
3
+ lnpi
2
pi2
, (61)∫ 1/2
0
b(t) dt =− lnpi
pi
. (62)
Note that, as K→∞,
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K−1∑
n=0
1
(2n+ 1)2 =
pi2
8
− 1
4K
+O(K−3), (63)
K−1∑
n=0
1
2n+ 1 =
1
2
lnK + ln 2+ γ
2
+O(K−2). (64)
Here γ is Euler’s constant. Using expansions (59), (60), in the right-hand side of (58),
applying (52), (53) with (14), and combining with (63), (64), we have
2K−1∑
n=0
a2n =
1
2
− 3+ pi
2
6pi2K
+O
(
lnK
K3
)
+O
(
1
K3
)
. (65)
Coupling (21) with (57) and (65), we have (54).
Using in (44) definitions of β , one can prove
δm = sup
|f |≤1/6
arccos(|m(f )|2)
f
=O
(
1√
K
)
, as K→∞.
So applying Theorems 2 and 5, we would have the following result.
THEOREM 6. There exists an orthonormal compactly supported scaling function φ
with the filter-length 2N such that
tφ =O(N−1). (66)
Estimation (66) cannot be transferred to the class of signals x ∈ V0.
THEOREM 7. For any compactly supported orthonormal scaling function φ = φ(t)
there exists a signal x = x(t) ∈ V0 such that
tx >
1
2
. (67)
Proof. Periodising (18) we have
tx =
∫ 1/2
−1/2 |{̂x}(f )|2(1−
∑
n |φˆ(f + n)|4) df∫ 1/2
−1/2 |{̂x}(f )|2 df
. (68)
Application of (25) and (26) in (68) leads to
tx >
∫ 1/2
−1/2 |{̂x}(f )|2(1− |m(f/2)|4 − |m((f + 1)/2)|4) df∫ 1/2
−1/2 |{̂x}(f )|2 df
. (69)
Let x = xε(t)=∑n xnφ(t − n) ∈ V0 in (69) such that
{̂x}(f ) :=
∑
n
xne
−2piinf =
{
1 if ||f | − 14 |< ε
0 if ε ≤ ||f | − 14 |< 14 .
(70)
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From (69) and (70), as ε < 14 , it follows that
txε >
∫ 1/4
1/4−ε(1− |m(f/2)|4 − |m((f + 1)/2)|4) df
ε
. (71)
Since the scaling function is orthonormal and has finite filter-length, m = m(f ) is
continuous on [− 12 , 12 ] and |m( 14 )|4 = |m( 34 )|4 = 14 . Therefore (67) is valid for sufficiently
small ε.
3.1. Illustrations
We will restrict ourselves by the case of orthonormal compactly supported scaling
functions associated with some 2N -length low-pass filter. From the definitions of tφ and
tm and relation (1) it follows that both translation invariance characteristics depend on
|m(f )|2. Hence, due to the Riesz factorization lemma (see [4, p. 172]), the minimization
problem of tφ or tm for N > 1 has a nonunique solution. With any given trigonometric
polynomial m = m(f ), the translation invariance characteristic tm can be calculated
explicitly. The problem of the calculation of tφ is a bit more sophisticated. Luckily enough,
tφ of all compactly supported scaling functions can be calculated by computer explicitly.
Let us describe this calculation procedure briefly. From
tφ = 1−
∫ ∞
−∞
|φˆ(f )|4 df,
we see that in order to have tφ , it is enough to know
∫ |φˆ(f )|4 df . Let us consider the
inverse Fourier transform of |φˆ(·)|4:
β(t)=
∫ ∞
−∞
e2piif t |φˆ(f )|4 df.
Then
∫ |φˆ(f )|4 df = β(0). Function β satisfies the scaling relation associated with scale-
symbol m4(f ) = |m(f )|4 and partition of unity property ∑β(n)= 1. Using boundary
conditions β(n) = 0, |n| > 4N − 2, we have some finite quadratic linear system of
equations associated with the scale-symbol m4 = |m(f )|4 and the partition of unity for
unknowns β(n), |n|< 4N − 2. Solving this linear system by computer, we evaluate β(n).
When N = 2, one can prove that the minimal value of tφ equals 1398170245 . This average
translation defect value has the scaling function φ associated with low-pass filter
{hn}30 =
{
1±√3
4
√
2
,
3±√3
4
√
2
,
3∓√3
4
√
2
,
1∓√3
4
√
2
}
.
In other words, Daubechies’ compactly supported scaling function 2φ with the highest
number of vanishing moments compatible with its support width (see [4]) has the minimal
value of the average translation defect. Our numerical experiments show that Daubechies’
compactly supported scaling functions Nφ for N > 2 are nonoptimal in the sense of the
average translation defect. So the minimization of tφ with N > 2 leads to some new low-
pass filters. Figure 1 illustrates a numerically found scaling function and wavelet having
small translation invariance characteristic d10φ = 0.0403767 where N = 10. Graphs of 10φ
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(a) (b)
FIG. 1. (a) Numerically found orthogonal scaling function 10φ and wavelet 10ψ with minimal φ-translation
defect value d10φ = 0.040377. (b) Squared modulus of Fourier transforms of orthogonal scaling function 10φ
and wavelet 10ψ with minimal dφ value.
and of the Fourier transform modulus |10φˆ| are similar to corresponding graphs of the
sinc function and its Fourier transform. In Fig. 2 numerically found minimal values t
Nφ
can be compared with corresponding values of Daubechies’ scaling functions and scaling
functions that were used in Theorem 5.
The characteristic
rm = 2
∫
|f |<0.5
∣∣χ[−1/4,1/4](f )− |m(f )|2∣∣df (72)
was used by Hess-Nielsen [5] to describe the frequency spreading of wavelet packets. If
|m(f )|2 ≥ 12 , |f |< 14 , then (72) can be rewritten as follows:
rm = 2
∫
|f |<1/2
min{|m(f )|2,1− |m(f )|2}df = 4
∫
|f |<1/4
(1− |m(f )|2) df. (73)
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FIG. 2. Average translation defects, as a function of low-pass filter-length 2N , in the case of scaling functions
φ = Nφ of Daubechies, numerically found by minimizing tφ , and defined by Theorem 5.
It is easy to prove that
tm ≤ rm < 2tm.
So, one can expect that minimization of Hess-Nielsen’s characteristic rm and our own
characteristic leads to similar scaling functions, and this really occurs. For example,
Hess-Nielsen’s scaling function with minimal rm [5] has tφ = 0.1498 where N = 3. Our
minimization procedure of tφ leads to a bit better translation characteristic: tφ = 0.1286
for the same N = 3.
4. CONCLUSION
Some translation invariance characteristics of scaling functions and corresponding MRA
were proposed. These characteristics are to be considered as a measure of the invariance of
translation. The measure of the invariance of translation of Daubechies’ scaling functions
and associated scale-symbols tend to zero, as low-pass filter-length tends to infinity. The
order of decay, however, of the translation invariance of Daubechies’ scaling functions is
not optimal. We propose some class of orthogonal compactly supported scaling functions
with optimal order of decay. The numerical experiments of the minimization of translation
invariance show that the proposed class of scaling functions is almost optimal, at least
for not very large filter-length. As for the future we plan to design scaling functions
with a sufficiently large number of vanishing moments, good translation, and dilation
invariance. The experiments with biorthogonal expansions indicate valuable improvement
of the estimation of translation invariance [1]. In practical applications, however, the
improvement can be exceeded by inconveniences caused by nonorthogonality.
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